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In these Supplementary Materials we provide some additional experimental details about the spectral dependence
of the signal obtained in the experiment in section I. We provide details of the calculation of ¥ for a two level
model in section II. In section III this two-level result is extended to include Gaussian inhomogeneous broadening and
produce the approximate results for the non-linear susceptibility in Eq. (4) of the main manuscript. Finally, section
IV provides the conversion of the experimental critical energy from Fig 2 of the main manuscript into values of x(%)
as given in Table I of the main manuscript, assuming Gaussian pulses and a Gaussian beam profile (i.e. we derive the
equation given in the last section of the Methods section of the main manuscript for EC(X(3)) and the calculation of

the factor f which appears therein).
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FIG. S1. DFWM beam profiles taken with a far-field scanning iris for various Si:P (a) and Si:Bi (b) transitions and intensities.
The FTIR absorption spectra are shown with black lines and the grey shaded curves indicate the laser spectrum used. Absorp-
tion is defined as 1 — Iout/Ibckgna Where Iyt is the transmitted intensity normalised by the system response, and Inhckgna is the
value of I,y between resonances. In (a) there are four different laser frequencies indicated (Aiw)and four corresponding beam
profiles. In (b) a single laser frequency is used an the beam profiles are shown for four different laser intensities indicated by
the resulting output pulse energies (Es5). Noise caused by scatter from the pumps is evident when the efficiency is low, at low
intensity and also at high intensity when the DFWM saturates (while scatter does not). The color scale for each beam image

has been normalized.
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FIG. S2. Laser frequency dependence of the output. (a) The ratio of energies of the input pulses, z = E2/FE1, which was
set to approximately 4 by choice of beam-splitter and attenuators, and monitored thoughout. (b) The modelled spectrum for
air transmission is shown in grey (right axis). The measured pulse energy for beam 1 (left axis) measured with a power meter
before the sample, and corrected for the cryostat window and the sample surface reflection. The typical laser spectral r.m.s.
width was of/f = 0.3%, i.e. 0.1 meV as shown in Fig. S1. (c) The FTIR absorption spectrum of the np = 10'% cm™* Si:P
sample is shown in red (right axis). The thick black curve is the DFWM output for this sample (left axis), which follows
notionally the product of the FTIR and air transmission from (b). For clarity two portions of the DFWM signal have been
scaled by factors of 0.5 and 10 as indicated, and in one section of the scan the laser input beams were attenuated by a factor
of 0.1 as indicated.

I. SPECTRA OF THE SMALL SIGNAL ABSORPTION, THE DFWM SIGNAL AND THE LASER

We monitored the DFWM output beam throughout the experiment in order to ensure that it was clearly identifiable
and separated from scatter from the pump beams. Example beam images are shown in Fig. S1, which also shows the
laser spectrum and sample absorption spectrum for comparison.

An example calibration of the ratio between Fo and F; and the absolute pulse energy E; as a function of laser
frequency is given in Fig. S2. The figure also shows the transmission of air, and the resulting laser frequency dependence
of the output pulse energy, which clearly scales with the energy of the pump pulse and the absorption cross-section,
as expected.

II. TWO-LEVEL MODEL FOR THIRD ORDER SUSCEPTIBILITY

The Hamiltonian for the interaction of light with the donor is
H = Hy+ V(t), (1)

where Hj is the Hamiltonian of the donor’s electron with eigenstates Hy |j) = fw; |j) and V() = —uF'(t) is the dipole
potential with electric field F(¢).

The density matrix of the donor’s electron evolves according to the quantum Liouville equation
dp 1

o7 =~ Ho+ V(D). + W, (2)

where W is responsible for relaxation and dephasing processes. In the basis of unperturbed states |j) we take
Wi = (W Ik) = T — py) 3)
jk J ik\Pik = Pjk " )s

where T'j; is the damping rate of pji = (j|p|k) back to its value at thermal equilibrium in the dark, pﬁQ). The
rate I'j; is the population relaxation rate of the jth level and the I';;, with j # k, are the dephasing rates of the



off-diagonal elements. At low temperature we can assume that p(eQ) = 1 while the equilibrium values of the other
elements are zero.

From Eq. (2) we have

ik (51 119 + 1V ), p] 1)~ T — 57, "

Since (j| [Ho, p] |k) = hwjrkpjr with wj, = w; — wy, and
GV (@), p) k) = =F (@) [l o k) = (Gl [R)] = =F(6) > [mjupur — pipuak],
!

where the last step follows from inserting |I) (] = 1 between the operators p and p, we have

dpjk
dt

. 1 e
+ (twjr +Tjr)pje = %F(t) > lwitpre — piipn] + ijp;;f)- (5)
l

One can express the solution in terms of the Green function which is given by

G,

dtk + (ink + ij)ij = (5(t), (6)

where d(t) is the Dirac delta function, which yields
Gik(t) = G (t)e it (7)

where
Giu(t) = O(t)e i, (8)

and ©(t) is the step function. The function G;;(t) can be thought of as the envelope of the Green function. One can
verify that G (t) is the solution of Eq. (6) by using dO(t)/dt = 6(t). For jk # gg, the equilibrium value is zero at
low temperature, hence

o) = 1 [ Gyt = O FE) o (t) = o (9

l

where we have assumed the initial condition pj;(—o0) = 0 for jk # gg. Although this integral equation does not
provide a direct evaluation of p;i(t) since pjx(t') on the RHS is unknown, it is useful for obtaining the perturbative

solution for weak field. We expand pj;(t) =", p(n)( t), then Eq. (9) gives

P~ [ Gt~ OFE) Yol — 05 () (10)

— 0o .

which can be applied successively to find p;, up to the nth order [1].

When the carrier frequency of the pulse is tuned close to the transition frequency between the ground state |g) and
excited state |e), one can use the two level approzimation. Now there are only two damping rates: The population
relaxation rate, I'.e = 1/7T and the dephasing rate, I'cy = I'ye = 1/T%. The time-dependent polarization of a sample
with donor density np is

P(t) = np Tr[up(t)] = nD[MgePeg (t) + Negpge(t)] = nD[Mgepeg (t) +c.cl, (11)

so all we need to find is peg(t). The zero order elements of p(t) are pgg) =1 and p],#gq = 0. Substituting this into

Eq. (10) and using pigg = ftec = 0, one obtain the first order off-diagonal elements
P (0) = '“,;9 | dnGet—trn).

p((yle - / dtl qe t_ tl) (tl) (12)



and then the second order population
: o0
P2 (t) = ﬁ/ dtaGee(t —t2) F(t )|:M69pg(ye)( 2) — Pglg)(tz)uge}
—o0
_ |“€9|/ dtCclt — to)F t2/ 011 (Gl (b2 — 1) + Gyelts — )] F(t1), (13)

and finally the third order off diagonal element
. %) e %)
PO =52 [ dtaGuyt — t)F ) (o 1) = oD (1) = 202 [ Gyt~ t)Plta)pD (1), (1)
— 00 — o0

where the last step follows from pgg)( t)+ p(z)( t) = 0 as the total population is conserved, hence

P (t) = 2#‘69"1# / dt3Geg(t — t3)F(t3) / dtaGee(ts — to) F(t2) / dt1[Geg(ta — t1) + Gyelta — t1)]F(t1).
(15)
The polarization up to the third order is then P(t) = P! (t) 4 PG)(t) where
P(l)(t) =np [Mgepgg) (t) +c.cl,
PO () = npugep (1) + c.cl. (16)
Note that the second order term P(3)(t) = 0 since pg) (t) =0.
We write the electric fields of the pump and rephasing pulses as
1 .
Fi(e,t) = 51z, )etern) e,
1 .
Fy(z,t) = 5]—"2(2715)62(1‘2'”‘”0” +c.c, (17)

where wy is the carrier frequency, Fi 2(2,t) the pulse envelopes, and the z axis is parallel to the light beams and hence
perpendicular to the sample surface. The total electric field is

1 . 1 .
F(z,t) = Fi(2,t) + Fa(z,t) = ifl(z,t)e”(kl"‘*“’ot) +cc+ ifg(z,t)el(kz""*“’ot) + c.c, (18)

To find the 3rd-order polarization we substitute the electric field of Eq. (18) into Eq. (15). Each electric field is a sum

of 4 terms, and an expansion yields 4% = 64 terms in pg;) (t). However, we need to keep only the terms that propagate

in the 2k — k1 direction of the ouput field, and we can also neglect the counter rotating terms. Upon inspection
there are only two terms left, and the third order polarization is

1 )
P (z,t) = §P(3)(z,t)ez(kz_“°t) +c.c, (19)

where the envelope is

'L'TLDmeg‘2 Br(z,t) + Ba(z,1)

(3) - _
,6 (Z t / dt3€_(t t3)/T2]:2 Z t3 / dtge_(t3 tQ)/Tl.FQ Z f,g / dtle (ta— tl)/TQ}—*(Z tl),
Bs (Z t / dt3€_(t t3)/T2]_-2 Z t3 / dt2e—(t3 tz)/Tl}“* t2 / dtie” (t2— tl)/Tz}"Q(Z tl) (20)

where A = wy — wegy is the detuning and .7:'1,2(2', t) = Fra2(z,t)e AL
In the monochromatic limit of infinitely long pulses, and when there is no loss due to absorption, Fj 2(z,t) and

hence P3)(z,t) are constants. It’s now straightforward to carry out the integrals in Eq. (20), which yields

P = e F; 73, (21)



where the third order susceptibility is

3 = np |feg|* LT3 (22)
eohd  (1+ A2T2)(i + ATy)’
On resonance A < 1/T5 and
3) ~”D|ﬂeg|4 2
x® ~ i T (23)
while sufficiently far from resonance A > 1/T5 and in this case
nplies|t T
X(S) ~ D|/’6 g| 1 (24)

Gohs ASTQ '

III. EFFECT OF INHOMOGENEITY IN THE TWO LEVEL MODEL FOR THIRD ORDER

SUSCEPTIBILITY
For an inhomogeneously broadened sample we model the distribution of the transition frequency, wég, by a Gaussian
2
1 (w’ — W, )
1 _ eg g
9(Wey — weg) = Nor l_m ; (25)

where \/21In(2)T" = 1/Tiyy, is the half width at half maximum of the distribution in angular frequency, which defines
Tinn, the inhomogeneous contribution to the dephasing time, and w,4 the peak frequency of the broadened transition.
For such a sample the third order susceptibility given in Eq. (22) has to be averaged over the distribution of wég:

np|pe |4
X(g) = TH;TlTQQUa (26)

where

[ g(6)
n=/ AT T+ (A= o)T)’ @7)

— 00

and § = wég — Weg. A = wy — Wey as before, which now means the detuning from the centre of mass. If I'T, < 1 then
we have a homogeneous line, and g(§) is only large near § = 0, and since g has unit area n ~ 1/(1 + A2T3)(i + ATy)
and we recover Eq. (22).

Far from resonance, A > 1/T5 and g(9) is only large when 6 is small compared with A so

1 [ 1
~—— | A5 g(6) = —r
T AT /m 9(9) ASTS

and we recover Eq (24), which evidently holds for both homogeneously and inhomogeneously broadened transitions.
When the laser is on resonance A < T,

e 4(5) [ a)
v~ | BTy i oTy) /w“a+@ﬁw (29)

(28)

—0o0

. 2
= m R =L een gy varT,)
(Tol)? 2V2(IT>)?

where Erfc is the complementary error function and on the first line we used the fact that the real part of the integrand
is odd. For a homogeneously broadened line Ti,, > T5 so I'T; < 1 and

n~ —i, (30)

(as it must be comparing Eqgs (23) and (26)). For an inhomogenously broadened line Tin, < T3, so I'Ts > 1 and
el/200T2)° 11 — Erf(1/3/20'T)] ~ 1,

T Vrln2 Ty,
~ —1 = —1
g 22T, 2 T,

. (31)



10
— 1/in 1.4
5 ToITs 1.2 -
e | 2

14T/ T nofee il 1 nalts

2 1 o8] 1 in(1+T2/Tinn)
. " (14 T2/ Tin) T/ T
11— ‘ ‘ ‘ ] . ‘ ‘ ‘
0.1 05 1 5 10 001 0.10 1 10 100
Ta/Tion T/ Tinn

FIG. S3. A comparison of the terms in the approximations of Eq.s (34) & (36). The left panel shows the results of Eq. (29)
(blue line) and Eq. (33) (yellow) and the right hand side of Eq. (34) times 7% (green). The right panel shows ratios of the three
curves from the left panel, showing the agreement for a wide range of T>/Tinn (homogeneous broadening means small T5/Tinn
and inhomogeneous broadening means large 75 /Tinn).

The linear absorption line shape in the presence of both homogeneous and inhomogeneous broadening is given by
a Voigt profile (Main Text Ref [17]) which is the convolution of the Lorentzian of width 1/75 in angular frequency for
the homogeneous contribution, and the Gaussian ¢g(J) inhomogeneous contribution:

wmzi[:nwa+é@%ﬁ%, (32)

where © = ToA. The half width of the Voigt lineshape in angular frequency, 1/T5, is given by

T
= =V H(V(0)/2). (33)

2
T5 must be found numerically in general, though the asymptotic limits are T5 ~ T,y for Tinn < 1o and T3 ~ Ts for
Tinn > T2, and a common analytical approximation based on these limits is (Main Text Ref [17])

1 1 1
— . 34
;T - Tinh (34)

Similarly, a useful analytical approximation for n based on its asymptotic behaviour Eq.s (30) & (31) is

1 2 T
ol = 35
m vV ln2 Tinn (35)
Using ﬁ ~ 1 in Eq. (35) and substituting (34), or by inspection of Fig S3, a further simplifying approximation
for 7 is

N~ —i—=. (36)

These approximations are shown on Fig S3, and it may be seen that they are satisfactory over a wide range of T /Tinn.
The maximum discrepancy in Eq. (36) (blue dotted line on Fig S3, when Ty >> Tiyy) is no worse than the maximum
discrepancy in Eq. (34) (green dotted line on Fig S3, when 75 ~ Tin,). The yellow dotted line on Fig S3 shows the
combined approximation 1/in & 1 4+ T5 /Ty is also satisfactory. Substituting Eq. (36) into Eq. (26) gives

4
.n e *
X®z_%%%iﬂng. (37)

This approximation now covers the resonant situation for both homogeneous and inhomogenous broadening, as did
Eq (24) for the off-resonant situation, given in the Main Text as Eq. (4). For self-consistency within Main Text we
use the approximate values resulting from Eq. (37) in Table I.



IV. EFFECT OF FINITE PULSES AND LOSS IN THE TWO LEVEL MODEL FOR THIRD ORDER
SUSCEPTIBILITY

A. Wave propagation

To get the output field from the nonlinear polarisation we need to solve the wave propagation equation. The electric
field satisfies the Maxwell equation [2]

1 0°F 0P,
3 am M5
¢ ot ot
The total polarization in a doped semiconductor is the sum of the host’s polarization (silicon in our case), Phost =
o6, —1)E = €g(n? — 1) F where n is the refractive index of the host, and the polarization component P of the donors
that propagates in the k = 2ky — k; direction. Substituting Po; = €o(n? — 1)F + P yields
2 92 2
n* 0°F 0°P
VAF — — —— = o= 39

2o~ Map (39)
For general non-monochromatic pulses with a finite frequency broadening this equation is best solved with Fourier
transform. Starting with

V2F —

(38)

1 .
F(z,t) = §f(z,t)e’(k'r_w°t) +c.c.,

1 .
P(z,t) = 57>(z,t)el<1”*wot> +c.c., (40)

where the envelope functions have the Fourier transforms

F(z,t) = / dwF(z,w)e™ ™t

— 00

P(z,t) = / dwP(z,w)e !, (41)
where w is the deviation from wy. Substituting Eqgs. (41) and (40) into Eq. (39) we obtain the propagation equation
for each Fourier component
0? 0 . 2n2 . .

(32’2 + Qika - k2> Flzyw) + %}*(z,w) = —(w+wo)?uoP(z,w). (42)
When the first spatial derivative of the envelope functions changes very little over a wavelength, which is true for our
experiment because the wavelength is of the order of 0.01 mm while the length of the Gaussian pulse is of the order
of 2 mm, we have

192F(z,w) OF (z,w)
— . 4
E 022 0z (43)
Neglecting the 2nd order spatial derivative in Eq. (42) and using k = wn/c and pg = 1/(epc?), we obtain
0 - i(w+wo)Z A
Y By = T Z ), (a1)

where Z = Zy/n and Zy = 1/cep is the impedance of the vacuum. In our experiment the frequency bandwidth is
much smaller than the carrier frequency, w < wy, hence w 4+ wy =~ wy and

9 . .
—F(z,w) ~
5,7 (2:w)

In the monochromatic limit of infinitely long pulses there is only a single mode, w = 0, in the spectrum. Assuming
that there is no loss, substituting the third order polarisation from Eq. (21) and integrating, we obtain the four wave
mixing output field

P(z,w). (45)

iwoen Zx L

out
Fo = .

FiF3, (46)

where L is the thickness of the sample.



B. Loss of the input due to absorption

In our experiment the pump and the rephasing pulses are approximately Gaussian before entering the sample

f1,2(zvt) = fl,Q(Oﬂ O)S(Zat)v (47)
where the time envelope at the beginning of the sample, z = 0, is
S(0,8) = e7t°/27", (48)

where 7 is the r.m.s. duration of the electric field, and is related to the r.m.s duration of the intensity in the Main
Text, to, by 7 = V/2to.

As the input pulses travel into the sample they are attenuated by loss due to absorption. This is predominantly a
linear optical process due to the 1st order polarisation, which is

1 .
P(l)(zﬂg) - 573(1)(2,t)ez(km.r—wt) +c.e., (49)

where k;, is the wave vector of the input field, either the pump or rephasing. Substituting the electric field from
Eq. (17) into Eq. (12) and then the resulting into Eq. (16), we obtain

’P(l)(z t) |,ueg| / dt —(t— t1)/T2]:'(Z t ) —zAtl (50)

The input field inside the sample is given by the wave propagation equation, Eq. (45), which can be solved exactly
by first taking the Fourier transform

F(z,t) :/ dw]:"(z,w)e_“’t7 (51)
then
t 0
P(l)(z t) —inp |Neq‘ zAt/ dtle—(t—tl)/TQe—iAtl / dw]:-(z’w)e—iwtl
h —o0 —o0
. |/J/eg‘2 /OO ]:—(Z,UJ) —iwt
— P S 2
inp— = | dwl/Tgfi(Aer)e ) (52)
SO
PO, 1) = imp ool T E0) (53)

h 1/T5 —i(A+w)

Substituting Eq.(53) into Eq. (45) we obtain
OF (z,w) B
oz

which is the usual equation for absorption in the frequency domain where the frequency dependent absorption coeffi-
cient is

—a(A,w)]:'(z, w), (54)

WoZ1np |feg|? 1
2h 1Ty —i(A+w)

The Fourier component of the input pulses inside the sample is thus given by a simple exponential
Flz,w) = e B2 F(0,w). (56)

Therefore, the time envelope of the field inside the sample has the form

a(A,w) = (55)

S(z,t) = / dw S(z,w)e™ ™t (57)
where the Fourier component is
S(z,w) = e" B w)28(0, w), (58)
and
N 1 e . T 2_2
S0,w) = — dt S(0,t)e™t = ——e 7 /2, 59
(0.) = 3= [ desO.e = (59)



C. Output field

Substituting Eq. (47) into Eq. (20) the third order polarisation is now
Ql(Aa Z7t) + QQ(Aa 2 t)

B .nD|Neg|4

PO (z,1) = —i—— 3= F1(0,0)F3(0,0) : :
where
) t B ts _ to B
Q1(A, z,t) :emt/ dtgef(tfw)/TzS(A,z,tg)/ dtgef(t37t2)/T18(A,z,t2)/ dtlef(t"’*tl)/TZS*(A,z,tl),
) t _ ts _ to B
QQ(A,z,w:emt/ dtge*@*ts)/TZS(A,z,tg)/ dtge*@s*b)/Tls*(A,z,tz)/ dtye= 2"/ S(A 2 t1), (61)

where S(A, z,t) = S(z,t)e~ . We now use the Fourier transform of S(z,t) in the integral of Q; (A, z,t)

to ) o0 ) oo ei(Atwi)ts
/m diye () Teeithn /m w1 8" (2, wy )" = /M 8™ (& ) TSR T
and
and
/t dtz e~ (1 ts)/T2 o —ilAts gi(wr —wa—ws)ts e—?’(A—“l‘FW‘*‘“’f’)t .
. /T — i(A — wy + wa + w3)
So

elilw —wz—w3)t$(z7 w3)$‘(z, WZ)S*(Za wl)

Q(A.z1) = /,oo s /,m (o /,m AT, (A —wr + w0+ @) [[L/T1 + (w1 — )][1/Ts + (A T on)]

Similarly,

ellwrtwr—ws)t (5 () 8* (2, w2)S (2, w1)

Q2(A, z,t) = /m duws /m dewe /700 der [1/Ts — i(A + wi — wg +w3)][1/T1 — i(wr — w2)][1/Te — i(A +wy)]

The Fourier transform of Q1(A, z,t) is

oo

A 1 .
Q1(A, z,w) = %/ dt Q1(A, z,t)e™".

—00

Using the Dirac delta function’s identity

% dt etwtwi—wa—ws)t O(w+ w1 — we — w3),
we obtain
A > e S(Z,erwl *WQ)S(Z,UJQ)S*(Z,wl)
A z,w) = d d . - . .
A4, 7w) /,OO w2 /,Oo “U/Ts — (A + 0)][1/T + i(wr — w)|[L/Ts + i(A + )]
Similarly,

R Y " o0 " S(z,w — wy + w2)S* (2, w2)S(2,w1)
Q{87 w) = /,md 2 /,ood L/T; — A + )L/ Tr —i(en — wn)][L/Tz — i Fan)]|

For the output field the wave propagation equation Eq. (45) becomes

afga(z,w) = MSZ PO (z,w) + P (z,w) | -

(62)

(63)

(65)

(66)

(67)

(68)
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where

A

leg>  Fa(z,w)
h 1T —i(A+w)

PV (z,w) = inp (69)

is the linear polarisation propagating in the same direction as the output field, 2ks — k1, and is responsible for output
loss due to absorption. Therefore,

8f3a(z’“) = Mzozﬁ@)(z,w) — (A, w)Fa(z,w) = AQ(A, z,w) — a(A, w) F3(z,w), (70)

where O = (1/2)(Q; + Q5) and

wOZ’nDLue |4 *
A= Tgﬂ (0,0)F3(0,0). (71)

The solution for the output field at the end of the sample, z = L, is

LA .
. A A
Fy(L,w) =Ae—a(AvW>L/O dz 2 ’Z’“);%( 229) (a0 (72)

Using

5‘(2, W+ wy — OJQ)S(Z,WQ)S*(Z,wl) = 3(0, W+ wy — wg)S(O,wg)g*(O,wl)e_[a(A’“’+“’1_“’2)+’I(A’”2)+a*(A’“1)]2, (73)

and hence
L
e’”‘(A’“’)L/ dz8(z,w + w1 — w)S(2,w)S* (2, wy e (A=
0
S S S+ e~ (AWl _ o=[a(Awtwi—w2)ta(Aws)+a” (wi)lL
= (07w+w1_w2) (0;W2) (O7W1)Q(A,W+W1—W2)+O[(A,WQ)+OZ*(A,W1)—OZ(A,(.L))7 (74)
we have
Fs(L,w) = ALJ(A, L,w), (75)
where J = (1/2)(J1 + J») and
. e e S(0,w + wy — w2)S(0, w2)S*(0, w1 )
AL =
Aerw = [ e | o o
e—a(A,w)L _ e—[a(A,w+w1—w2)+a(A,w2)+a*(A,wl)]L
x (76)

[a(A,w+w; —ws) + a(A,wa) + a* (A, wy) — a(A,w)] L’

. [ 0 S(0,w — wy + w2)S*(0, w2)S0, w1 )
Jo(A, Lw) = /_OO ooy /_OO duon [1/T2 — i(A 4+ w)][1/Ty —i(wr — w2)][1/T> — i(A + w1)]

e—a(A,w)L _ e—[a(A,w—w1+w2)+a*(A,w2)+a(A,w1)]L

“ oDy — w1+ w2) + (D) Fald, o) —ald, ) L (77)

D. Effect of inhomogeneous broadening

To take into account the effect of inhomogeneous broadening the output field in Eq. (75) and thus J of Egs. (76)
and (77) has to be averaged over the Gaussian distribution of Eq. (25)

oo

F(ALw) > (F) (A Lw) = / 05 9(8) T (A — 5, L,w), (78)

— 00
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and the output field of Eq. (75) now becomes

R woZnp|pieg|*L

F3(L,w) = AL (J) (A, L,w) = o F1(0,0)F3(0,0)(7) (A, L, w). (79)

Before calculating the input and output energy, we first note that the pump and the rephasing beam in our
experiment has a Gaussian radial profile, i.e., the field F; 2 decreases with the distance from the center of the beam,
p, through the factor

Wi(p) = e~ /2%, (80)

where pg is the r.m.s. radius of the electric field profile of the beam, and is related to the r.m.s radius of the intensity
profile in the Main Text, 79, by po = v/2ro. Since the four wave mixing output field is proportional to F; (0,0)F2(0,0),
its radial profile is W3(p).

To calculate the energy one has to integrate the intensity over time and then calculate the spatial integration over
the radial profile. The input energy at z =0 is

1 o0 oo 1 oo o0
Bia=gy [ 2mede [ atIFa0 WP = 217008 [ 2mpde WP [ dtls.0P
0 0

1
= §|f1,2(0,0)|2ﬁp3ﬁ7’, (81)

and the output energy at z = L is

Bi= gz [ 2modsW )P [ atFLor
2Z )y o
_Lﬂ-pg /002 d |]: (L )|2 (82)
= 9z 73 . Taw |S3\L,W)| .
Using Eq. (79) we obtain
Z (winp|preg|*L ? pg [ -
By=7% (%39) |]—'f(070)]-'22(0,0)|2T0/ 21 dw [(T)(A, L,w)|*. (83)

The critical energy discussed in the Main Text is

R " V3roh (var)¥? /w2 w A LE) (84)
L= ) — ZQWLnD|Meg‘4L TP) T . T dw 5 Loy W .

From Eq. (26) we have

npliegl® _ X _ P (85)
h? TTZnl  TiTZ|n|Zoc
Substituting this into the formula for F., we obtain
Zoc TV T3 1) 2 s [ 7 )\
E.= (Z2°JL|X(3)|L V3mpd (v/7r) _OOQWdWKj)(A’LMﬂ
= kI, (36)
where the critical intensity is defined as
Z()C n2)\0
I. = = 87
T Z2XOIL  2rLZg|x )| 87
with Ao = 2m¢/wp, the carrier wavelength of the laser, and
1/2
K = /374 |n| T T2 T . 88
K VR .



12

Note that the integral in the denominator has the dimension of [time]” and therefore  is dimensionless.

It is useful to express the critical energy in a form that is convenient for a comparison with its value in the ideal
case when the input pulses are infinitely long, 7 > 17,75, and when the loss due to absorption can be neglected. In
this limit oL — 0, and moreover S (0,w) is a very sharp distribution around w = 0. Setting all the frequencies in the
denominators of Egs. (76) and (77) to zero we have

A(oo) B 1 o0 o0 R B . A
T (A Lyw) = /T, —id) (/T (/T T id) /_Oo duw /_OO dws §(0,w — w1 + w2)S(0,w2)S™(0,w1)
_ 1 TesT W’ (89)
(1Ty —iA(1/T)(1/Ty + i) 6r
Similarly
j(OO) (A L (JJ) _ 1 7—6_%7-2“)2 (90)
2 T (1/Ty —iA)(1/T)(1/Ty —iA)  6r
Then
7NA L w) + FNA, Lw) Ty T2 —gri?
S00) (AL :«71 (A, L,w A Lw) 1ThTs Te 91
JUA L w) 2 1+ AT2)(i + AT)  or (01)
and after averaging over the distribution of the inhomogeneous broadening
(D) (A Lw) = TiTEin ™ (92

Ver

SO

* 2\ (00) 77
| omae) ™ a, e = | [yremines (93

— 0o

Substituting this into Eq. (88) and then Eq. (86) we obtain
E() = 33/4733/2 21, (94)
Thus we can express the critical energy in Eq. (86) as
E.=E) f =372 ,p3rf, (95)

where

- 2 ] 1/2
f:(g) | Ty T <f_°° 27rdw|<5>(A,L,w)l2> | "

oo

The factor f describes the effect of finite duration of the laser pulses, as well as the loss of both the input and output
pulses due to absorption. It reduces to unity in the ideal limit. For the off resonant laser frequencies in our experiment
we found that the loss is negligible, i.e., a(A,w)L < 1, but f differs from unity due to the short duration of the

~

pulses. For the resonant laser frequencies the loss due to absorption is strong, thus (7)(A, L,w) is very small, and f
is very large.
Finally, we replace 7 = v/2tq and py = v/2r and arrive at

33/4 22 \ordto f

Ec:33/4 2 3/2[0 2 —

(97)

which is the formula we use to extract x(®) from the experimental measurement of ., as mentioned in the Methods
section of the Main Text. A

We see from Eqgs. (76), (77) and (78) that (J)(A, L,w) is a three dimensional integral, and therefore the denominator
in the large bracket of f is a four dimensional integral. This can be computed efficiently with Monte-Carlo methods.
Our calculation in Mathematica is available at https://github.com/lehnqt/4WM/. The results for f in the conditions
shown in Table I of the Main Text are given in the same table. Note that for this calculation we took I' &~ 1/4/21n(2)T5
since the lines are inhomogeneously broadened. We check that in the lossless and long pulse limit our numerical
calculation gives f ~ 1.
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E. Analytical approximations for short pulses
1. Far off resonance

Far away from resonance the loss is negligible because a(A,w)L < 1. In addition, the detuning is much larger than
the width of the inhomogeneous broadening, A > T', as well as the spectral width of the laser, A > 1/7, so the effect
of the inhomogeneous broadening can also be ignored. Moreover, the detuning of the central laser frequency is much
larger than the width of the line, A > 1/T5,1/T}, and for short pulses the duration satisfies 7 < T, T». This leads
to simplification in the expression of the output field.

We use the following approximation:

T A Ta g ) 1 ~ S(oo
| e ) = SO - sl (98)

To prove this consider the integration from ¢ = 0 to ¢t = 2w/A which is the very short period of the oscillating factor.
In this interval S(¢) changes very little and we can use its Taylor expansion to first order

S(t) ~ S(0) + S'(0)t. (99)

Then
2r/A /A
/ e—zAt—t/Tzs(t) ~ / e—zAt—t/Tg [8(0) + 8/(0)15] (100)
0 0

has a simple analytical result. Using ATy > 1 and the fact that the duration of S is much smaller than T5 one can
show that this analytical result can be approximated by

/%%e“tmﬂﬂm+$wm~ = gl L [5(0) - S2n/A), (101)
0

- iA—‘y—l/TQS O3 z‘A+1/T2[

and Eq. (98) follows from applying this repeatedly until infinity.
Now we evaluate Q12(A, z,t) in Eq. (61) (we drop the z variable because when the loss is negligible S and hence
Q1 2 are independent of z)

2 . el A ’ : 1 1
dt —(ta—t1)/T> lAtlS* t :/ dt/ —'LAtl—tl/TQS* to — t/ iAto — S* (¢ iAto
| dne st ) = [ dtie (12 = ) = ek 8" (1),
and then
# /tg dt 7(t37t2)/TlS(t ) 7iAt2S*(t ) iAty __ # oodt/ 7t/2/T1‘S(t t/)|2 _ #»y(t )
T, +in | 7% 2/€ 2T D A J, M€ e VPRVl
where
o0 ’
V(t3) :/O dthe™2/T1|S(ts — th)]2. (102)

Note that S(t3 — t4) is non-negligible only when ¢} is within 37 around ¢3 and since 7 < T} the exponential factor
e~ t2/T1 changes very little over this interval, hence

o t
V(ts) ~ e t3/T /O dth|S(tz — th)|* = e_t?’/Tl@ {1 + Erf (f)} : (103)
And finally,
e dtze= 1)/ TegmiM S (1) Y(t5) = et St At/ T2 G (f — )Y (t — th)e At
Ty +in ) 0 I T, in ), TR 3 3
1 1

Ty +iA 1Ty — iAS(t)Y(t)’




14

where we have used Eq. (98) again. Thus,

73

Q:1(At) = (1 —iAT)(1+ Z’AT2)S(t)y(t)- (104)
Similarly
2
QA1) = TS VD) (105)
QA1) = L SWY (1) = inT2S(1)Y (1) (106)

(1—iATy) (1+ A2T2)

where the last step follows from Eq. (28). Again, since S(¢)Y(t) is non-negligible only in the interval [—37,37] and
7 < Ty we can neglect the exponential factor in Y(¢) and hence

QA1) ~ inT2SH)Y (t) = inT2e /2 \FT {1+E f( ﬂ (107)

where Erf is the error function. The last step follows from the Gaussian form of S in Eq. (48).
Without loss the function J(A,w) in the denominator of the factor f is just Q(A,w), the Fourier transform of
Q(A,t), thus

0 N o0 T [ 2, 2 t 2 /2
/ 2wdw\j(A,w)\2:/ dt|Q(A,t)|2:|n\2T2472—/ dt et/ [1+Erf<>] =TT, (108)
—o0 —o0 4/ & T 3
and thus the factor f in Eq. (96) becomes

31/4 Tl 31/4 jﬂ1

— -t -1 109
\/’TT T V21 to ( )
Thus, the critical energy of Eq. (97) is related to x(®) by the simple relation
2y 242
_ 3n7Xorlo ’ (110)
Z()Tl |X(3) |L

2. On resonance

For completeness we provide the analytical solution for resonant cases where the detuning of the central frequency
is small compared with the spectral width of the laser, i.e., A, 1/Ti,, < 1/7, and for thin samples where the loss due
to absorption can be neglected. When the pulse duration is short so that 7 <« T7,T> we can approximate S as a delta
function with area s = /277, which is the area under S, to evaluate the integrals of Q; 2(A, ).

ta 5 to )
/ dtye=(t2=t)/Ta§x (A 1)) = / dtye(2=1)/Tegibl g5 (1)) = s e~ 2/T2Q(ty),

—00 — 00

where O(t3) is the step function. Then
t: 52
/ 3 dtze_(ts_t2)/T18~(A t2) t2/T2® / dtge_(t‘3 ta)/T1 —tg/Tg —iAty 25(t2) e_ts/Tl('-)(t?,)
o ’ 2 ’

and

t 3
Qi (At) = / dtae‘“‘“’/TzS(A,tg) e et / dtze(71)/ Tt/ Tr g =idMs 7 26(7:3): %e‘%@(t),
— 00

(111)
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and similarly we find that Qa(A,t) = Q1(A,t), so

oS} oS} 86 71.3
/ dt Q*(A,t) z/ dt —e 2T = —_ 76T, (112)

o o 16 4
Therefore,

2Ty Ty
5\1/4,5/2 5/27
(BmO)ATS2 (Gr5)1/48)

f= (113)

and the critical energy is related to x(®) by

2\ |nin2xor2Ty (T \*°
E.= = B . 114
=va(%) e (3) .

As before, if the line is homogeneous then n = —i (Eq. (30)) and if the inhomogeneous broadening is large n =
—ivVmIn 2T, /2T (Eq. (29)).

Finally, we stress that the approximate formulae, Eq. (109) for the off resonant and Eq. (113) for the on resonant
case, are useful for predicting how f varies with 77,75 and ¢y in the short pulse limit. They can also be used for an order
of magnitude estimation. However, comparison with exact numerical results shows that a precise agreement requires
including higher order terms in Eq. (98) for the off resonant case, and moving beyond the Dirac delta approximation
to take into account the shape of the Gaussian for the on resonant case.
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