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1 Full gate circuit

Our quantum network consists of three nodes, Alice, Bob and Charlie. In the experiment, we will teleport
a qubit from Charlie to Alice, two non-neighboring nodes. The full gate circuit is shown in Extended Data
Figure E4. Prior to the sequence, we do a Charge-Resonance (CR) check on each node to ensure that the
communication qubits are in the correct charge state (NV™) and on resonance with the control lasers. Once
all the nodes have passed this check, we do a first round of optical phase stabilization of the interferometers,
which enables the entanglement generation using the single click protocol (/—4). After these preparation
steps, the sequence is triggered on all setups.

On Bob, we initialize the memory qubit into |0) using the communication qubit (5). Next, we generate
entanglement between the communication qubits of Alice and Bob. When entanglement is heralded, we
perform a SWAP operation to store Bob’s part of the entangled state on the memory qubit.

We continue with a second round of phase stabilization (not shown in the circuit) and generate entangle-
ment between the communication qubits of Bob and Charlie. Each entanglement attempt slightly decoheres
the memory qubit, therefore we limit the number of attempts by a timeout. If we do not succeed within the
timeout, we abort the sequence and start over.

During entanglement generation, the memory qubit of Bob picks up an average phase ny, dependent
on the number of entanglement attempts n. Due to the probabilistic nature of the entanglement generation



process, we do not know which attempt will be successful, therefore this phase is unknown at the start of the
sequence. To maintain the correct reference frame of the memory qubit this phase needs to be corrected in
real-time before any other gate can be applied to the memory qubit. We perform this real-time correction by
changing the time between pulses on the communication qubit (4). After the phase correction, the decoupling
pulse is applied to the memory qubit via the communication qubit. The back-action of this gate causes a
Z-rotation on the communication qubit. To rephase the memory qubit, we wait for the same amount of time
as it took to herald the second entangled state while decoupling the communication qubit. This imprints a
phase gy, on the memory qubit, which we compensate in an analogous way.

Bob now shares two entangled states; his memory qubit is entangled with Alice and his communication
qubit with Charlie. To establish an entangled state between Alice and Charlie we perform a Bell-state mea-
surement on the two qubits of Bob. To do so, we entangle the communication and memory qubits and do
a measurement on the communication qubit. We map its state onto the communication qubit and measure
the communication qubit. In the basis-alternating repetitive readout, we repeat the measurement sequence
twice. During the first readout we map the |0) state to the |0) state of the communication qubit, and in
the second readout we map |1) to |0). The first outcome is used to assign the state and the second out-
comes serves as a check. By continuing the sequence only when we measure consistent patterns (for instance
(m1,m2) = (1,0)) we increase our average readout fidelity. After the readout procedure, we perform a CR
check on Bob to filter out any event where Bob was in the wrong charge state.

Bob communicates to Charlie which gate operation should be done to obtain the correct entangled state.
Which operation is required is determined by the outcomes of the Bell-state measurement on Bob and by
which detector heralded the individual links. Charlie performs the feed-forward gate operation and subse-
quently stores its part of the entangled state on the memory qubit using a SWAP gate. At this point in the
sequence the teleporter is ready.

To prepare the state that is to be teleported, we initialize the communication qubit at Charlie and perform
the desired qubit rotation.

To teleport the qubit, we perform a Bell-state measurement on the qubits of Charlie. Locally, we entangle
the communication qubit with the memory qubit. We readout the communication qubit and use the basis-
alternating repetitive readout for the memory qubit. Additionally, we do a CR check on Charlie. Charlie
communicates the results of the Bell-state measurement to Alice, and Alice performs a feed-forward operation
to obtain the teleported state.

To verify the teleported state, we measure the state of Alice in the corresponding basis. To prevent any
bias in the tomography we measure in both directions, e.g. when we teleport |+2) we measure both along
+Z and -Z axes.

2 Tailored heralding of the remote entangled states

In the main text we describe several noise mechanisms that reduce the remote two-node entangled state fi-
delity. Two of these noise mechanisms, double |0) occupancy and double optical excitation, are accompanied
by the emission of an extra photon. This extra photon can be detected using the local phonon-side band (PSB)
detectors. By monitoring the PSB detectors, we can real-time reject false heralding events.

In Extended Data Figures E1 and E2, we plot the histograms of the detection times of the PSB photons
conditioned on a simultaneous heralding (zero-phonon line, ZPL) photon detection in the same entanglement
generation attempt, for the Alice-Bob and Bob-Charlie entangled link respectively. The correlations are
measured in the computational (or Z) basis, and in the X and Y basis. In the computational basis we see the
behavior dependent on the detection time of the PSB photon as described in the main text together with the
simulations (gray bars). In the X and Y basis, all outcomes are equally probable, and the quantum correlations



are washed out.

From the data collected, we can extract the probability to detect these additionally emitted PSB photons.
We assume the dark counts of the detectors to be negligible, the PSB detections during the pulse to be fully
dominated by the double optical excitation error, and the PSB detections after the pulse to be only caused
by double |0) occupancy. By correcting for the PSB detection efficiency, we can estimate the probability for
double |0) occupancy and double optical excitation errors. The results are given in Table The double |0)
state error is expected to occur with probability o. The extracted numbers correspond well to the parameter
values we use during remote entanglement generation (aajice = 0.07, agop = 0.05, Achartie = 0.10 (4)). The
probability for the double optical excitation to occur depends on the shape and the amplitude of the optical
excitation pulse, and differs per node.

2.1 Numerical model

We compare our PSB detection data (previous section) to a numerical model. We model the NV center as
a three level system with two stable ground states |0) , |1) and one excited state |¢). The optical |0) <> |e)
transition is driven by a resonant laser pulse and is assumed to be a closed transition. The Hamiltonian
describing the dynamics of the system in a suitable rotating frame is

H = Q(t) [e) (0] +€27(¢) [0) (el (D

where €)(t) describes the (time-dependent) driving of the optical transition. From the excited state, the NV can
spontaneously emit a photon and decay to |0). Without specifying the particular mode this photon is emitted
in, we simply model such an emission with a Lindblad jump operator of the form Ly = V710,1,) (e|. Here v
is the rate of spontaneous emission, |0, 1,) denotes the state where the NV is in state |0) and one photon was
emitted, and we use the convention that when not explicitly stated, there is no emitted photon i.e. |e) denotes
the NV in state |¢) with zero emitted photons.

To account for double emission errors in the entanglement scheme, we expand the model by letting
states |0, 1,) , |e, 1,,) be coupled by a similar Hamiltonian as in Eq. (1)) with the same coupling €2(¢). Double
emission is then captured by a Lindblad jump operator L, = V710,2,) (1,, e|. For the specific excitation
pulses used in the experiment, we can then numerically solve the Master equation of the system in a basis of
{10),le),]0,1,), e, 1,),|0,2,)} to obtain the probability of zero (1), one (F;), or two (FP») photons being
emitted from the system (Fy + P, + P» = 1). Note that in this model, we neglect the probability of emitting
more than two photons from the N'V.

Assuming an initial state v/« |0) + /1 — «|1) of the NV center, the state after the optical excitation is
then modeled as

) = va (VB 10) + VA0, 1) + VP [0,2,)) +VI—al1). @

The emitted photons are either PSB (= 97%) or ZPL (= 3%) photons. We model this by performing a
standard beam splitter transformation on the photonic modes. Letting a' be the creation operator of a photon
(|1,) = @' |0,)), we make the transformation &' — +/P,af ++/1 — P.a), where af (a)) is the creation operator
of a ZPL (PSB) photon and P, = 3% . Consequently, |1,) — /P, |1.) + /1 — P, |1;), where |1.) (|15)) is
an emitted ZPL (PSB) photon.

The photons can be emitted either inside or outside the detection time window, i.e. the time interval in
which detected photons are accepted. This time interval is in general different for the PSB and ZPL photons.



This results in the following transformations:

1) = VPaen|laz) + /1= Py [1az) 3)
1) — /Paa [1ap) + /1 — Pap1 |1nas) 4)
2.) = V/Pr2l2a:) + vV Pis [102) L) + /I — Pazp — Pazs [2042) (5)
20) = /Paz2ap) + V/Pavs |1ap) [1nap) + /1 — Pavz — Pans [2nap) (6)
L)1) = V/Pasallaz) Las) + v/Pavz [Lnaz) | Las) (7)
+\/% 11a2) [1nap) + /1 — Pioo — Proo — Pass |Lnazs) |1nap) -
The probabilities Py, 1, Py 1, ... are defined in table @ and are found through the numerical simulation

described above.

Finally, we model transmission loss with standard beam splitter transformations acting on the photon
modes emitted in the detection window. Letting &L’Z (&L,b) be the creation operator of a ZPL (PSB) photon
emitted in the detection time window, we make the transformations

ab, = salh, + /1 —mn.aly, )

d:g,z - \/m&:ri,b +v1- nzdid,b' 9

where 7, is the total transmission efficiency from the NV to the central beam splitter while 7, is the total trans-
mission and detection efficiency of the PSB photons. The operators &Id’z and &Id’b describe the lost/undetected

modes. Tracing over the undetected modes, the output state of a single NV can be written as

Py = po @ 10) (Ol + o1 @ 1) (U + 02 @ 2) (2l » (10)

where we have neglected any coherence between the photonic PSB modes since these are accompanied by
undetected non-radiative decay (phonon emission). The unnormalized density matrices pg, p1, and p, describe
the state of the NV center communication qubit and the ZPL photons emitted in the time window of the ZPL
detectors and transmitted to the central beam splitter. In the limit 7, < 1, we can neglect terms of |2,,) and
these density matrices will all be of the form

4
pi = 1is) (Gl (11)
=1

where |¢; ;) = (a;; |1)+b;;0)) [02) +¢;;]0) [1a,) and j = 0,1, 2. In Eq. (1) i refers to the different number
of lost undetected photons

1 = 1, zero photons being lost

1 = 2, one ZPL photon being lost

© = 3, one PSB photon being lost

1 = 4, two photons being lost, either two ZPL, two PSB or one ZPL and one PSB

and j to the number of detected PSB photons. We note that all a; ; and a; » will be zero since p; and p, are
accompanied by PSB photons (see Eq. ) meaning that the NV was in state |0). Furthermore, the only non-
zero term in py will be b; » since two PSB photons were emitted, meaning that no ZPL photon was emitted
since we neglect higher order emissions.



The only term in Eq. from which remote spin-spin entanglement between two NVs can be created
is po ® |0) (0]y, since this does not have any detected PSB photons. However, PSB and ZPL photons that
were emitted but not detected will still decrease the entangled state fidelity. Such events are responsible for
the contributions of |¢20) , |¢3,0) and |¢40) in po. The only term where no PSB photons were emitted and no
ZPL photons were undetected is [¢10) = 1 — a|1) |[041) + /@ |0) (v Po [0p1) + /Pr Popt Pazpt [Lazpt))-

The combined state from the two NV centers before the central beam splitter is py, ® py, where py
(the state of the second NV) is of the same form as in Eq[I0] but including that parameters such as initial
rotation (), driving strength (£2) and transmission efficiencies (7)., ;) can be different for the two centers.
Furthermore, we include a phase difference between the two paths to the central beam splitter. The central
beam splitter is modeled as a perfect 50:50 beam splitter and the finite detection efficiency of the output
detectors is assumed to be equal and can be directly included in the transmission efficiencies (7),) while dark
counts are negligible in the experiment and not included. Finally, we include non-perfect visibility between
the ZPL photons by reducing the coherence between the output modes of the beam splitter by a factor v. This
visibility is estimated from experimental data and can e.g. originate from slightly off-resonant driving of the
NV centers.

3 Data acquisition and experimental rates

At multiple points during the experimental sequence we make a decision on whether to continue the protocol
or not. For example, after successful heralding of a two-node entangled state, we can decide to abort the
protocol based on whether the flag was raised by any detection of a PSB photon. As all these signals come in
real-time, these decisions can be made in real-time, and the sequence can be aborted whenever appropriate.
However, we choose to postpone these decisions to the processing after the data acquisition and continue the
sequence in any case. In this way, we gain more insight in the performance of the experiment, at the expense
of just a marginal increase in experimental time. Processing steps taken after the data acquisition:

* More precise temporal selection than 15 ns.
* PSB rejection.

* Selection of readout outcomes during the Bell-state measurements, including selection on consistent
readout patterns for the memory qubit readout.

* Selection on successful Charge-Resonance checks during the sequence.

* Ensure that the last optical phase measurement (before feedback) prior to the heralding event is below
< 50°.

* High enough photon count rates on Alice during qubit initialization and optical pulsing, averaged over
the second before the heralding signal comes in. (On Alice we perform gate tuning to keep the qubit
on resonance with the control lasers. The gate tuning, in combination with the high repetition rate
of entanglement attempts, makes the qubit spectrally jumpy. The control loops during the charge-
resonance checks should ensure the resonance condition (6), but we use this live-tracking of the photon
statistics as an extra check.)

To emphasize, all these processing steps can also be done real-time during the experiment. For the data
acquisition, we interleave blocks of measurements with calibrations. The calibrations also serve as an inde-
pendent measure of the performance of the setups.



We collect the data in blocks of 200 “raw” data points (taking roughly an hour), which result on average in
about 30 data points per block after applying the processing steps. We analyzed the data only after completing
all data acquisition. Prior to the measurement, we decided on the target total number of data points, the
experimental settings, and the processing steps afterwards. The plan was to run a sufficient number of blocks
(estimated at 80) such that after processing we would remain with ;2,800 data points, and at least 450 per
cardinal axis. These target numbers were a trade-off between measurement time and expected violation of the
classical bound for the conditional teleportation. Unfortunately, after 80% of the data points were acquired,
the setups consistently failed two of the calibrations steps due to the formation of ice on Charlie’s diamond
sample (the origin of this, either a leak or an outgassing element, is under investigation at time of writing).
Therefore, we decided to end the data acquisition, include all data taken up to that point and analyze. In
total, we have acquired 79 blocks of data, and we measured 2272 events (|4+X) 382, |—X) 385, |+Y) 385,
|—Y') 378, |+Z) 375, |—Z) 367) for the conditional teleportation over a time span of 21 days.

We can determine the experimental rate including all overhead (such as CR checks, communication time
and phase stabilization) by dividing the number of measured data points by the total measurement time. In
Extended Data Figure ES we plot the experimental rate for both the conditional and unconditional teleporta-
tion sequence. In the case of the unconditional teleportation, we accept all Bell-state measurement outcomes
on Charlie and therefore the experimental rate is higher. For shorter detection windows during the two-node
entanglement, the success probability per attempt is smaller and thus the experimental rate is lower.

4 Effect of the 3 key innovations on the teleported state fidelity and
experimental rate

We assess the effect of each innovation on the teleportation protocol. First, we estimate the average state
fidelity and experimental rate with a set of baseline parameters based on the performance in (4). We use a
timeout of 1000 entanglement attempts for the second link (between Bob and Charlie) before aborting the
protocol and starting over. In both Bell-state measurements, we continue the sequence for the outcomes
”00” and 017 (communication qubit, memory qubit), or abort and start over (in the case of conditional
teleportation). Then we incrementally add (1) the basis-alternating repetitive readout scheme for the mem-
ory qubits,(2) the improved memory qubit coherence and (3) the tailored heralding scheme of the remote
entanglement generation. The results are summarized in [S3]

5 Estimated fidelity of state to be teleported

The state to be teleported is prepared on the communication qubit of Charlie. Errors in the preparation
originate from imperfect initialization and imperfect MW pulses, which are estimated to be p;;; = 1.2 x 1073
and pyw = 8 x 1073 (7). Averaged over the six cardinal states, we estimate the state preparation fidelity to
be ~0.995.
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Table S1: Estimated probabilities for the double optical excitation error and the double |0) occupancy error
per node (values in percent). All error bars represent one standard deviation.

Node Double optical excitation probability Double |0) occupancy probability
Alice 4.1+£0.5 7.6 +0.4
Bob (with Alice) 2.6 £0.3 49403
Bob (with Charlie) 6.9 +£0.8 4.74+0.8
Charlie 57+£04 94+04

Parameter | Description

v Spontaneous emission rate of the excited state.

Q(t) Optical driving strength.

o Initial population of the |0) state.

b Probability of emitting O photons (ZPL or PSB).

P Probability of emitting 1 photons (ZPL or PSB).

Py Probability of emitting 2 photons (ZPL or PSB or both).

P, Probability that an emitted photon is a ZPL photon.

Pi.q1 Probability that a ZPL photon is within the ZPL detection window, con-
ditioned on a single ZPL photon being emitted.

Pipa Probability that a PSB photon is within the PSB detection window, con-
ditioned on a single PSB photon being emitted.

Pi.o Probability that 2 ZPL photons are within the ZPL detection window,
conditioned on two ZPL photons being emitted.

Py.3 Probability that one ZPL photons is within the ZPL detection window
and one is not, conditioned on two ZPL photons being emitted.

Pap o Probability that 2 PSB photons are within the PSB detection window,
conditioned on two PSB photon being emitted.

Py.3 Probability that one PSB photons is within the PSB detection window
and one is not, conditioned on two PSB photons being emitted.

Papa Probability that a ZPL photon is within the ZPL detection window and
a PSB photon is within the PSB detection window, conditioned on one
ZPL and one PSB photon being emitted.

Py Probability that a ZPL photon is not within the ZPL detection window
and a PSB photon is within the PSB detection window, conditioned on
one ZPL and one PSB photon being emitted.

Py Probability that a ZPL photon is within the ZPL detection window and
a PSB photon is not within the PSB detection window, conditioned on
one ZPL and one PSB photon being emitte.

1. Total transmission and detection efficiency of ZPL photons.

Mp Total transmission and detection efficiency of PSB photons.

Table S2: Explanation of the parameters used in the numerical simulation of the entanglement generation
protocol.



Table S3: Simulated effect of the innovations on the teleported state fidelity and experimental rate.
Fidelity | Rate (Hz)
Baseline parameters using timeout = 1000, BSM outcomes | 0.666 1/(53s)

(communication qubit, memory qubit) = 00" or 01~

With basis-alternating repetitive readout 0.679 1/(73s)
With improved memory coherence 0.687 1/(73s)
With tailored heralding scheme 0.695 1/(74s)
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